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Abstract
This article provides bounds on the size of a 3-uniform linear hypergraph with
restricted matching number and maximum degree. In particular, we show that if a
3-uniform, linear family F has maximum matching size ν and maximum degree ∆
such that ∆ ≥ 236 ν(1 +
1
ν−1), then |F| ≤ ∆ν.
Keywords:Uniform hypergraphs, linear hypergraphs, matching, maximum degree
1 Introduction
Let V be a set of vertices and let F ⊆ 2V be a set of distinct subsets of V .
A set system F is k-uniform for a positive integer k if |A| = k for all A ∈ F .
A set system F is linear if |A ∩ B| ≤ 1 for all distinct A, B in F . For a
hypergraph G = (V,F), the set V is called the set of vertices of G and the set
F ⊆ 2V is called the set of hyper-edges of G. The size of a k-uniform linear
hypergraph G = (V,F) is |F|-the number of its hyper edges. A matching in
G (or F) is a collection of pairwise disjoint hyper-edges of G. The size of a
maximum matching in F shall be denoted by ν(F). Also degree of a vertex
and maximum degree of G is defined in a usual familiar way. For any x ∈ V ,
define Fx = {A ∈ F | x ∈ A} and ∆(F) = max{|Fx| | x ∈ V }. The
objective of this article is to find a bound on the size of F for given values
of ∆(F) and ν(F). Throughout the remainder of this article unless otherwise
stated, F shall be a 3-uniform linear set system with maximum matching size
ν(F) = ν and maximum degree ∆(F) = ∆. Also, for any set system H and
B ⊆ H, we shall use the following notation: XB := ∪
A∈B
A.
The problem of bounding the size of a uniform family by restricting matching
size and maximum degree has been studied for simple graphs in [3] and [2].
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These articles were in turn inspired by the Sunflower lemma due to Erdo˝s and
Rado (see [6]). A sunflower with s petals is a collection of sets A1, A2 . . . , As
and a set X(possibly empty) such that Ai ∩ Aj = X whenever i 6= j. The
set X is called the core of the sunflower. A linear family admits two kinds of
Sunflower : (i) a matching is a Sunflower with an empty core, (ii) a collection
of hyper-edges incident at a vertex. It is a well known result (due to Erdo˝s-
Rado[6]) that a k-uniform set system, with more members than k!(s − 1)k
admits a sunflower with s petals (for a proof see [1]). Other bounds that
ensure the existence of a sunflower with s petals are known in the case of
s = 3 with block size k (see [9]). However, not much progress has been made
towards the general case. This article considers the dual problem of finding
the maximum size of a 3-uniform, linear family F that admits no Sunflower
with s petals, i.e., s > ν(F) and s > ∆(F). The following remark on the size
of a family shall be useful later.
Remark 1 For a positive integer ∆, let a 3-uniform family G be a Sunflower
with ∆ petals and core of size one. For any positive integer ν, let F consists
of ν components where each component is isomorphic to G. It is obvious that
ν(F) = ν and ∆(F) = ∆. Also, |F| = ∆ν.
2 Results
Our aim in this article is to prove the following two results.
Theorem 2 Let F be a 3-uniform linear set system with maximum matching
size ν(F) = ν and maximum degree ∆(F) = ∆. If ∆ ≥ 5, then |F| ≤ 2∆ν.
The main result of this article is a tighter bound in case ∆ is approximately
greater than 4ν. The precise statement follows.
Theorem 3 (The main result) Let F be a 3-uniform linear set system
with maximum matching size ν(F) = ν and maximum degree ∆(F) = ∆. If
∆ ≥ 23
6
ν(1 + 1
ν−1
), then |F| ≤ ∆ν.
Let ν be any positive integer. It is worthwhile to note that there are 3-uniform
liner families F with ν = ν(F) such that |F| > ∆(F)ν(F). In the next section
we construct such families and thus establish importance of the main result-
Theorem 3.
2
3 Families with large size
Let F be a 3-uniform linear family with ∆ := ∆(F) and ν := ν(F). We
present some examples such that |F| > ∆ν.
(i) There are block designs F with block size three such that |F| ≥ ν(F)∆(F).
For example, consider Steiner triples S(n, 3, 2). A Steiner system S(n, k, r) is
a set system on n vertices such that each member has cardinality k and every
r-subset of vertices is contained in a unique member (also called block) of the
family S(n, k, r). It is well known that S(n, 3, 2) exists if and only if n ≥ 3,
and n ≡ 1 mod(6) or n ≡ 3 mod(6) (see [4], for instance).
• If n = 6m + 1 and F is an S(n, 3, 2) then |F| = 1
3
(
6m+1
2
)
= m(6m + 1),
∆(F) = 3m, and ν(F) ≤ 2m, so |F| > ∆(F)ν(F).
(ii) By the method given in [2], we can construct a simple graph G for any
∆ := ∆(G) and ν := ν(G) such that |E(G)| = ν∆ + ⌊ ν
⌈∆
2
⌉
⌋⌊∆
2
⌋. Note that if
2 ≤ ∆ ≤ 2ν then |E(G)| > ∆ν. Let Y be a set such that Y ∩ V (G) = ∅ and
|Y | = |E(G)|. We order the edges {e1, e2, . . . , e|E(G)|} in E(G) randomly and
let Y = {y1, y2, · · · , y|E(G)|}. We define a linear, 3-uniform family F such that
ν(F) = ν(G) and ∆(F) = ∆(G). For i ∈ {1, 2, . . . , |E(G)|}, let Ai := ei∪{yi}.
Now let F := {Ai| i ∈ {1, 2, . . . , |E(G)|}}. It is obvious that F is a 3-uniform,
linear family. Also note that ν(F) = ν, ∆(F) = ∆ and |F| = |E(G)|. Thus,
|F| = |E(G)| = ν∆+ ⌊ ν
⌈∆
2
⌉
⌋⌊∆
2
⌋ > ∆ν.
Theorem 3 states that if ∆ is large enough compared to ν then |F| ≤ ν∆.
On the other hand the example in part (ii) above shows that for any positive
integer ν, there are families F such that |F| > ∆ν with 2 ≤ ∆ ≤ 2ν. It would
be interesting to determine the exact value f(ν) so that for any 3-uniform ,
linear family F with ∆(F) = ∆ ≥ f(ν) and ν(F) = ν, we have |F| ≤ ν∆.
4 Preliminaries
We first find a trivial bound to establish that the problem is well founded.
Let H be a k-uniform set system with maximum matching ν and maximum
degree ∆. Since the set of vertices that are covered by a maximum matching
form a vertex cover (also known as transversal), each hyperedge is covered by
kν vertices. As the maximum degree is ∆, we get
|H| ≤ (∆− 1)(kν) + ν. (1)
In general this bound is too large and can be improved. Surprisingly for
k = 3, there are values of ν and ∆ for which the previous crude bound
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is tight. For example Fano plane of order two achieves the bound for k =
3, ∆ = 3 and ν = 1. Note that for ∆ = 2 and k = 3, the set system
{{x, y, z}, {a, c, z}, {a, b, x}, {b, c, y}} on vertices {x, y, z, a, b, c} satisfies eq (1).
Our aim is to improve the bound in eq (1) to obtain results of Theorem 2 and
Theorem 3. One of the critical lemmas needed is Lemma 5. This lemma is a
generalized version of augmenting path maximum matching lemma for graphs.
The statement of the augmenting path maximum matching lemma for graphs
is that a matching is maximum if and only if there is no augmenting path
relative to it. Readers can find graph theoretic version in any standard text
book such as [5] or [8]. There are numerous versions available that extend aug-
menting path maximum matching lemma to hypergraphs (see [7],for instance).
However, the version presented here (i.e., Lemma 5) suits to our requirements
better. Note that Lemma 5 holds for any hypergraph and we don’t require
uniformity of cardinality of hyperedges.
Definition 4 Augmenting set : Let F be a set system with a matching M.
We say C ⊆ F is an M-augmenting set if and only if C satisfies:
[(1)] |M ∩ C| < |C \M|,
(i.e., there are more non-matching edges than matching edges in C)
[(2)] If B ∈M, B ∩A 6= ∅ for some A ∈ C then B ∈ C,
(i.e., if any matching edge has a non-empty intersection with any of the non-
matching edges of C than that matching edge is also in C)
[(3)] |Cx \M| ≤ 1 ∀x ∈ XC = ∪
A∈C
A.
(i.e., any vertex of C is covered by at most one non-matching edge of C or in
other words, non-matching edges in C are pairwise disjoint.)
Lemma 5 Let F be a hypergraph and M be a matching. M is maximum if
and only if there is no M-augmenting set in F .
Proof. We first show the only if part by proving the contrapositive. Sup-
pose there is an M augmenting set C in F . Then we define a new subfamily,
M1 := {M \ C} ∪ {C \M}. Note that |M1| > |M| as |C \M| > |C ∩M| by
property (1) of augmenting set, Definition 4. We claimM1 is a matching of F .
Note that two non-matching edges of C do not intersect by the property (3) of
augmenting set (Definition 4), and no edge of M\ C can have non-empty in-
tersection with an edge of C by the property (2) of augmenting set (Definition
4). Also edges in M\ C are pairwise disjoint as M is a matching. Therefore,
members of M1 are pairwise disjoint. Thus, M1 is a matching of F .
Next we prove the if part. Let M be a matching of F which is not max-
imum and M1 be a maximum matching. Hence |M1| > |M|. Let S :=
{M1 \ M} ∪ {M \ M1}. In S there are more M1 edges than M edges.
So there exists a component C of S such that C contains more M1 edges than
M edges. We claim that C is an M-augmenting set by Definition 4 as,
[(1)] C has more non-matching (relative toM) edges than matching M edges,
[(2)] C is a component hence any M edge which has a non-empty intersection
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with any of the C edges is in C. Note that any edge in M1 ∩M can not have
non-empty intersection with any of the C edges,
[(3)] |Cx \M| ≤ 1 ∀x ∈ XC holds trivially as M1 is a matching of F . 
It is easy to prove the first result, i.e., Theorem 2. However, some more defini-
tions are needed to this end. Let M be a maximum matching of a k-uniform
family F . For i ∈ {1, 2, · · · , k}, define Di(F ,M) := {A ∈ F | |A ∩XM| =
i}. Also we define for x ∈ XF , di(x,M) := |{A ∈ Di(F ,M) | x ∈ A}| for
i ∈ {1, 2, · · · , k}.
Lemma 6 Let F be a linear k-uniform family with k ≥ 2 and M be a maxi-
mum matching of F . If B = {x1, x2, . . . , xk} is an M edge such that for some
1 ≤ i ≤ k, d1(xi,M) ≥ k then d1(xj ,M) = 0 for all j 6= i and 1 ≤ j ≤ k.
Proof. Without loss of generality, let i = 1 and let Fx1 ∩ D1(F ,M) =
{Ai | i ∈ I} where |I| = d1(x1,M) ≥ k. As F is a linear family, we
have ∩i∈IAi = {x1}. Suppose on the contrary d1(xj ,M) ≥ 1 for some j 6= 1.
Let C ∈ D1(F) ∩ Fxj . As |I| ≥ k, the sets Ai \ {x1} are pairwise disjoint for
i ∈ I and |C \ {xj}| = k − 1, linearity of F demands that C ∩ Ai = ∅ for
some i ∈ I. By Definition 4, {C,Ai, B} is anM-augmenting set since the only
matching edge covered by Ai and C is B and C ∩Ai = ∅. It is a contradiction
to Lemma 5 as M is a maximum matching. 
Lemma 7 Let k ≥ 2 be a positive integer. If F be a linear k-uniform family
with a maximum matching M then
|D1(F ,M)| ≤ max{(∆− 1)ν, k(k − 1)ν}.
Proof. For B ∈ M, let D1(B) := {A ∈ D1(F ,M) | A ∩ B 6= ∅}. It is
enough to show that for each B ∈M, |D1(B)| ≤ max{∆− 1, k(k − 1)}.
Suppose that for B = {x1, . . . , xk} ∈ M, |D1(B)| ≥ k(k − 1) + 1. Then there
exists, by pigeon hole principal, a xi ∈ B contained in at least k members of
D1(B). Thus, by Lemma 6 allD1(B) edges are incident at xi (i.e.,XD1(B)∩B =
{xi}). Since xi is contained in at most ∆− 1 elements of F different from B,
we obtain |D1(B)| ≤ ∆− 1. 
Next we rewrite and prove Theorem 2 using the last lemma.
Theorem 8 Let F be a linear 3-uniform family. If ∆(F) = d and ν(F) = ν
then
|F| ≤ max{2dν, 10ν}. (2)
Proof. Let M be a maximum matching of F . For any k-uniform family, the
summation of degrees of vertices is equal to k times the number of edges.
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Hence for k = 3,
∑
x∈(XF\XM)
|Fx|+
∑
x∈XM
|Fx| = 3|F|. (3)
Now we consider the following two cases.
Case I:
∑
x∈(XF\XM)
|Fx| ≤
∑
x∈XM
|Fx|.
By equation (3) and the case assumption,
2
∑
x∈XM
|Fx| ≥ 3|F|.
As |XM| = 3ν, we have
∑
x∈XM
|Fx| ≤ d|XM| = 3dν. Therefore,
2(3dν) ≥ 2
∑
x∈XM
|Fx| ≥ 3|F|.
Thus,
2dν ≥ |F|. (4)
Case II:
∑
x∈(XF\XM)
|Fx| >
∑
x∈XM
|Fx|.
As before, for i ∈ {1, 2, 3} define Di(F ,M) := {A ∈ F | |A∩XM| = i} and
di := |Di(F ,M)|. Note that M edges are in D3(F ,M). As D1(F ,M) edges
are counted twice and D2(F ,M) edges are counted once in
∑
x∈(XF\XM)
|Fx|, we
get
∑
x∈(XF\XM)
|Fx| = 2d1 + d2. Similarly,
∑
x∈XM
|Fx| = d1 + 2d2 + 3d3. By case
assumption and two immediate previous statements, 2d1+d2 > d1+2d2+3d3.
Therefore, 2d1 − 2d3 > d1 + d2 + d3 = |F| as {Di(F ,M)| i ∈ {1, 2, 3}} is a
partition of F . Thus,
|F|< 2d1 − 2d3
≤ 2d1 − 2ν [as d3 ≥ ν]
≤ 2max{(d− 1)ν, 6ν} − 2ν [as by Lemma 7 d1 ≤ max{(d− 1)ν, 6ν}]
= 2νmax{(d− 2), 5}.
Therefore,
2νmax{(d− 2), 5} ≥ |F|. (5)
By equations (4) and (5), |F| ≤ max{2dν, 10ν}. 
It is challenging to prove our main result–Theorem 3. In the next section some
tools are built to prove Theorem 3.
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5 Important Propositions
To state these useful propositions precisely, we need more notions such as the
set of vertices that are covered by each maximum matching.
Definition 9 Let F be a set system. Then SF denotes the set of vertices, in
XF = ∪
A∈F
A, that are covered by each maximum matching.
Removal of vertices in SF along with edges containing these vertices has been
a crucial step in finding the bound on the cardinality of an edge set of simple
graphs in [2]. We shall use similar ideas in the proceeding work. The following
lemma, which is an easy consequence of Lemma 5, is left for readers to prove.
Lemma 10 Let F be a set system and x ∈ XF . x ∈ SF if and only if
ν(F \ Fx) = ν(F)− 1.
We make the following crucial remark based on the lemma above. This remark
is one of the key ideas that prove the main result.
Remark 11 Let F be a set system with x ∈ SF . Then |F| ≤ |Fx|+ |F \Fx| ≤
∆(F) + |F \ Fx| and by Lemma 10, ν(F \ Fx) = ν(F)− 1.
Definition 12 LetH be a k-uniform family with SH 6= ∅. A sequence (x1, x2, . . . , xk1)
of verticies of H is called nested if there exists a corresponding sequence of sub-
families H0, H1, . . . , Hk1 such that xi’s and Hi’s satisfy:
(i) H0 := H,
(ii) xi ∈ SHi−1 and Hi := Hi−1 \ Hxi for all 1 ≤ i ≤ k1. The positive integer
k1 is such that SHk1 = ∅.
Note that the value of k1, defined by 12, depends on the sequence (xi) for
i ∈ {1, . . . , k1} as shown in the example below.
Remark 13 Let G be the following graph. V (G) = {w, x, y, z} and E(G) =
{{w, x}, {x, y}, {y, z}, {x, z}}. Note {{w, x}, {y, z}} is the only maximum match-
ing of G and hence every vertex is covered by all maximum matchings of G.
Thus, SG = V (G) by Definition 9. Consider two sequences of vertices (w) and
(x, y) for xi’s in the definition 12.
(i) Let x1 = w and consider induced subgraph G1 on V (G)\{w}. Then E(G1) =
E(G)\{{w, x}}. Note that any of the three edges of G1, {{x, y}, {y, z}, {x, z}},
is a maximum matching of G1. Hence for each vertex v of G1 there is a cor-
responding maximum matching of G1 not covering v and so SG1 = ∅ and
k1 = 1.
(ii) Let x1 = x and consider induced subgraph G2 on vertices V (G) \ {x}. Then
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E(G2) = E(G) \ {{w, x}, {x, y}, {x, z}} = {y, z}. The edge {y, z} is the
only maximum matching of G2 hence {y, z} ⊆ SG2. In this case k1 = 2 and
any of y or z can be chosen as x2.
There are other interesting facts about nested sequences such as reordering of
vertices of a nested sequence results in another nested sequence. However, we
will not be needing these facts for the following discussion. The lemma below
provides a bound on the maximum degree of a k-uniform, linear family F if
SF = ∅.
Proposition 14 Let F be a k-uniform, linear family and let ν := ν(F). If
there exists a x ∈ XF such that |Fx| > kν, then x ∈ SF .
Proof. By Definition 9, a vertex x ∈ SF if and only if x is covered by every max-
imum matching of F . Assume on the contrary that x /∈ SF . Then there exists a
maximum matchingM of F such that x /∈ XM. For any A ∈ Fx, A∩XM 6= ∅
asM is a maximum matching. Otherwise there is anM-augmenting set {A}.
However, Fx is a linear family such that ∩
A∈Fx
A = {x}. Thus for any {A,B} ⊆
Fx, (A ∩XM) ∩ (B ∩XM) = ∅. Hence kν = |XM| ≥ |XFx ∩XM| ≥ |Fx| but
this contradicts |Fx| > kν = |XM|. 
Proposition 15 Let Fi, xi and k1 be defined as in Definition 12. If d = ∆(F),
then
|F| ≤ k1d+ |Fk1|. (6)
Furthermore if F is a k-uniform, linear family then ∆(Fk1) ≤ min{kν(Fk1), d}.
Proof. The equation (6) obviously holds as |Fxi| ≤ ∆(F) = d for each
i ∈ {1, . . . , k1} and F = ∪
k1
i=1(Fxi)∪Fk1 . By Proposition 14, ∆(Fk1) ≤ kν(Fk1)
or else SFk1 6= ∅ contrary to the definition of k1. Also, ∆(Fk1) ≤ ∆(F) = d as
Fk1 ⊆ F . 
We next partition F to establish some crucial propositions. Let F be a 3-
uniform, linear family, M be a maximum matching of F with SF = ∅, d :=
∆(F) and ν := ν(F). By Proposition 14, d ≤ 3ν. Now define as before,
Definition 16 Let F and M be as described above.
For i ∈ {1, 2, 3}, Di(F) = {A ∈ F | |A ∩XM| = i}.
For i ∈ {1, 2, 3} and y ∈ XF , di(y) = | Di(F) ∩ Fy|.
For A,B ∈M, D2(A,B) = {C ∈ D2(F) | C ∩A 6= ∅, C ∩ B 6= ∅}.
For A,B,C ∈M, D2(A,B,C) = {E ∈ D2(F) | |E ∩ (A ∪B ∪ C)| = 2}.
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Note that {Di(F) | i ∈ {1, 2, 3}} is a partition of F and M ⊆ D3(F).
Next, we find bounds on |D2(A,B)| and |D2(A,B,C)|.
Proposition 17 For all {A,B} ⊆ M, |D2(A,B)| ≤ 8.
Proof. Let D(A,B) := {C ∈ F | C ∩ A 6= ∅, C ∩ B 6= ∅}. Clearly,
D2(A,B) ⊆ D(A,B). Since F is linear, there is at most one edge of F that
contains both a and b for any a ∈ A and b ∈ B. Therefore, D(A,B) ≤ 9. In
particular, D2(A,B) ≤ 9. Assume D2(A,B) = 9; we shall obtain a contradic-
tion to the fact that M is a maximum matching.
Let A = {1, 2, 3} and B = {4, 5, 6}. We construct a graph G with ver-
tex set V (G) = {1, 2, 3, 4, 5, 6} and edge set {{i, j}| i ∈ A, j ∈ B}. Since
D2(A,B) ⊆ D2(F), the only edges of M covered by edges in D2(A,B) are
A and B. Hence if {i, j, u} ∈ D2(F) with {i, j} ∈ E(G) then u /∈ XM.
Now consider any matching N of size three in G. Without loss of generality,
let N = {{1, 4}, {2, 5}, {3, 6}} and let the edges in D2(A,B) covering N be
{1, 4, u}, {2, 5, v}, {3, 6, w}. If no two of u, v and w are the same vertex then
we have an augmenting set {{1, 4, u}, {2, 5, v}, {3, 6, w}, A, B} in F and M
is not a maximum matching by Lemma 5. So without loss of generality, let
v = w.
Claim: Let {1, 4, u}, {2, 5, v}, {3, 6, v}, {2, 4, s}, {1, 5, t}, {1, 6, y} and {3, 4, z}
be edges in F . Then s = t and y = z.
Proof of the claim: Note that s 6= v and t 6= v as the sets {2, v} and {5, v}
are contained in a unique element of F . So, if s 6= t then
{{2, 4, s}, {1, 5, t}, {3, 6, v}, A, B} is an M-augmenting set. But this is a con-
tradiction as M is a maximum matching and Lemma 5 implies that F has
no M-augmenting set. Also, y 6= v and z 6= v because {3, v} and {6, v} are
contained in a unique element of F . So, if y 6= z then
{{1, 6, y}, {3, 4, z}, {2, 5, v}, A, B} is an M-augmenting set again leading to a
contradiction by Lemma 5. Thus, the claim is established.
If {2, 6, r} ∈ F then r 6= y because {1, 6, y} ∈ F contains {6, y} and r 6= s
because {2, 4, s} ∈ F contains {2, s}. Hence the above claim implies that
{{1, 5, s}, {3, 4, y}, {2, 6, r}, A, B} is an M-augmenting set, leading to a con-
tradiction by Lemma 5. 
Remark 18 Up to isomorphism, there exists a unique configuration of eight
edges in D2(A,B). Namely, if A = {1, 2, 3} and B = {4, 5, 6} then D2(A,B)
is: {{1, 5, s}, {2, 6, s}, {1, 4, t}, {3, 5, t}, {2, 4, u}, {1, 6, u}, {2, 5, v}, {3, 4, v}}
where s, t, u and v are different vertices. Readers can establish the uniqueness
by arguing similarly to Proposition 17.
Now we find the maximum value of |D2(A,B,C)|. It is clear that
|D2(A,B,C)| ≤ |D2(A,B)| + |D2(B,C)| + |D2(A,C)| ≤ 24. We improve the
bound to |D2(A,B,C)| ≤ 21 in the next two propositions.
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Definition 19 Let F be a 3-uniform, linear family, and let M be a matching
(need not be maximum) of F . For {A,B} ⊆ M, we define a simple graph
G(D2, A, B) as follows: V (G(D2, A, B)) := A ∪ B and E(G(D2, A, B)) :=
{C ∩ (A ∪B) | C ∈ D2(A,B)}.
Proposition 20 Let F be a linear, 3-uniform family and let M be a maxi-
mum matching of F . If {A,B,C} ⊆ M and |D2(A,B)| = 8 then |D2(A,C)|+
|D2(B,C)| ≤ 12.
Proof. Let A = {1, 2, 3}, B = {4, 5, 6} and C = {7, 8, 9}. As D2(A,B) = 8,
without loss of generality let {3, 6} /∈ E(G(D2, A, B)) and hence
E(G(D2, A, B)) = {{1, 4, }, {1, 5}, {1, 6}, {2, 4}, {2, 5}, {2, 6}, {3, 4}, {3, 5}}. Also
without loss of generality, by Remark 18, the subfamily corresponding to
G(D2, A, B) in F is
{{1, 5, s}, {2, 6, s}, {1, 4, t}, {3, 5, t}, {2, 4, u}, {1, 6, u}, {2, 5, v}, {3, 4, v}} (7)
where s, t, u and v are different vertices and are not covered by the maximum
matching M.
Claim 21 : |{E ∈ D2(F) | |E ∩ {7, 8, 9}| = 1, |E ∩ {3, 6}| = 1}| ≤ 4.
Proof of Claim 21: If the claim does not hold then without loss of gener-
ality 3 edges of D2(A,C) are incident to the vertex 3 and at least 2 edges of
D2(B,C) are incident to the vertex 6. We may assume that there are edges
{6, 7, a} and {6, 8, b} in D2(B,C). By our assumption (7),
{{1, 5, s}, {2, 6, s}, {1, 4, t}, {3, 5, t}, {2, 4, u}, {1, 6, u}, {2, 5, v}, {3, 4, v}} ⊆ F
where s, t, u and v are different vertices and are not covered by the maximum
matchingM. Also by assumption {{3, 7, x}, {3, 8, y}, {3, 9, z}, {6, 7, a}, {6, 8, b}} ⊆
F for some vertices x, y, z, a and b in XF \XM.
We will use the following two observations.
(i) As {{3, 7, x}, {3, 8, y}, {3, 9, z}, {3, 4, v}, {3, 5, t}} ⊆ F and F is a linear
family, x /∈ {t, v}, y /∈ {t, v} and z /∈ {t, v}.
(ii) As {{2, 6, s}, {1, 6, u}, {6, 7, a}, {6, 8, b}} ⊆ F and F is a linear family,
a /∈ {s, u} and b /∈ {s, u}.
Suppose that x = b. Then z 6= b because {{3, 7, x}, {3, 9, z}} ⊆ F . Since z 6= b,
z /∈ {t, v} and b = x /∈ {t, v}, we have an M-augmenting set
{{1, 4, t}, {2, 5, v}, {3, 9, z}, {6, 8, b}, A, B, C} in F contradicting Lemma 5 as
M is a maximum matching of F . Symmetrically, if z = b then x 6= b because
{{3, 7, x}, {3, , 9, z}} ⊆ F . Since x 6= b, x /∈ {t, v} and b = z /∈ {t, v}, we have
an M-augmenting set
{{1, 4, t}, {2, 5, v}, {3, 7, x}, {6, 8, b}, A, B, C} in F .
So far we have shown that b /∈ {x, z}. We claim that {x, z} = {s, u}. If this
claim doesn’t hold then either x /∈ {s, u} or z /∈ {s, u}. Let x /∈ {s, u}. The
case z /∈ {s, u} is similar. Since x /∈ {s, u}, x 6= b and by observation (ii)
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b /∈ {s, u}, we get the following M-augmenting set
{{3, 7, x}, {2, 4, u}, {1, 5, s}, {6, 8, b}, A, B, C}, a contradiction.
Finally, note that a 6= z as z ∈ {s, u} and by observation (ii) a /∈ {s, u}. Next
we claim that a ∈ {t, v}. If this claim doesn’t hold then
{{6, 7, a}, {1, 4, t}, {2, 5, v}, {3, 9, z}, A, B, C} is an M-augmenting set. Thus,
a ∈ {t, v} and by observation (i) y /∈ {t, v}. Therefore, a 6= y. Note that
y /∈ {s, u} as {x, z} = {s, u}. So, we have the following M-augmenting set
{{2, 4, u}, {1, 5, s}, {3, 8, y}, {6, 7, a}, A, B,C} in F . This contradiction to the
maximality of M completes the proof of Claim 21.
For i ∈ {7, 8, 9}, defineD2(i) := {E ∈ D2(F) | E∩{1, 2, 4, 5} 6= ∅ and i ∈ E}.
Claim 22 : For {i, j} ⊆ {7, 8, 9}, |D2(i)|+ |D2(j)| ≤ 6.
Proof of Claim 22: Without loss of generality, let i = 7 and j = 8 and as-
sume on the contrary |D2(7)|+ |D2(8)| ≥ 7. As |D2(i)| ≤ 4 for i ∈ {7, 8, 9} by
definition, without loss of generality let |D2(7)| = 4 and |D2(8)| ≥ 3. Also by
symmetry of 1, 2, 4, 5, we may assume that there are edges in D2(7) ∪D2(8)
containing each of {{1, 7}, {1, 8}, {2, 7}, {2, 8}, {4, 7}, {4, 8}, {5, 7}}. By our
initial assumption (7),
{{1, 5, s}, {2, 6, s}, {1, 4, t}, {3, 5, t}, {2, 4, u}, {1, 6, u}, {2, 5, v}, {3, 4, v}} ⊆ F
where s, t, u and v are different vertices and are not covered by the maximum
matching M. Let
{{1, 7, a}, {2, 7, b}, {4, 7, c}, {5, 7, d}, {1, 8, x}, {2, 8, y}, {4, 8, z}} ⊆ F . The {0, 1}-
intersection property of F implies that a /∈ {t, s, u, b, c, d}, b /∈ {s, v, u, a, c, d},
c /∈ {t, v, u, a, b, d}, d /∈ {t, s, v, a, b, c}, x /∈ {s, t, u, y, z, a}, y /∈ {s, v, u, x, z, b}
and z /∈ {t, u, v, x, y, c}. We now make observations that prove Claim 22.
Fact 23 Either c = x or c = s.
Proof. We have t 6= s, c 6= t and x /∈ {t, s}. If c /∈ {x, s} then
{{4, 7, c}, {1, 8, x}, {3, 5, t}, {2, 6, s}, A,B, C} is an M-augmenting set in F , a
contradiction.
Fact 24 b = t.
Proof. Since t 6= u, z /∈ {t, u} and b 6= u, either b = t or b = z otherwise
{{2, 7, b}, {3, 5, t}, {4, 8, z}, {1, 6, u}, A, B, C} is an M-augmenting set in F .
If b = z then b /∈ {s, t, u, v, x, y, a, c, d} as noted earlier. But then we have the
following M-augmenting set
{{1, 7, a}, {2, 6, s}, {3, 5, t}, {4, 8, b}, A, B, C} in F , a contradiction.
Fact 25 y = t.
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Proof. Since t 6= u, c /∈ {t, u} and y 6= u, either y = t or y = c otherwise
{{2, 8, y}, {1, 6, u}, {4, 7, c}, {3, 5, t}, A, B, C} is an M-augmenting set in F .
But c 6= y because c ∈ {s, x} by Fact 23 and, as noted prior to Fact 23,
y /∈ {s, x}. This completes the proof of this Fact.
By Fact 24 and Fact 25, y = t = b. But this contradicts linearity of the family
F as |{2, 7, t} ∩ {2, 8, t}| = 2 and proves Claim 22.
The above claim implies that there can’t be strictly more than nine D2(F)
edges such that each edge covers a vertex in {1, 2, 4, 5} and another in {7, 8, 9}.
The next claim improves the estimate. Note that by Claim 22, if D2(i) = 4
for any i ∈ {7, 8, 9} then D2(j) ≤ 2 for j ∈ {7, 8, 9} \ {i}. Note also that
D2(i) ≤ 4 by definition and linearity of F .
Claim 26 : There can’t be nine or more D2(F) edges such that each edge
covers a vertex in {1, 2, 4, 5} and another in {7, 8, 9}.
Proof of Claim 26: We already know by Claim 22 that there can’t be strictly
more than nine edges satisfying the condition in Claim 26. If there are nine
such edges then each vertex in {7, 8, 9} is incident to exactly three of {1, 2, 4, 5}
or Claim 22 is contradicted.
We consider the bipartite graph G on vertices {{1, 2, 4, 5}, {7, 8, 9}} defined
by edges in D2(A,C)∪D2(B,C). For all i ∈ {7, 8, 9}, we have dG(i) = 3. Since
⌈9
4
⌉ = 3, there is a vertex of degree at least three in {1, 2, 4, 5}. Without loss of
generality, we may assume that dG(1) ≥ 3; the cardinality of the class {7, 8, 9}
imposes that dG(1) = 3 and that the vertex 1 is a neighbor of each vertex in
{7, 8, 9}. Since dG(4) + dG(5) ≥ 9 − dG(1) − dG(2) ≥ 3, either dG(4) ≥ 2 or
dG(5) ≥ 2. So, without loss of generality, let dG(4) ≥ 2. Also we can assume
that {4, 7} and {4, 8} are in E(G) (if not, then reorder vertices 7, 8 and 9).
Hence {{1, 7, a}, {1, 8, b}, {1, 9, c}, {4, 7, x}, {4, 8, y}} ⊆ F for some a, b, c, x
and y in XF \XM. And by our assumption (7),
{{1, 5, s}, {2, 6, s}, {1, 4, t}, {3, 5, t}, {2, 4, u}, {1, 6, u}, {2, 5, v}, {3, 4, v}} ⊆ F
where s, t, u and v are different vertices and are not covered by the maximum
matchingM. The {0, 1}-intersection property implies that a /∈ {b, c, x, s, t, u},
b /∈ {a, c, y, s, t, u}, c /∈ {a, b, s, t, u}, x /∈ {y, a, t, u, v} and y /∈ {x, b, t, u, v}.
Fact 27 x = s.
Proof. We have t 6= s, c /∈ {t, s} and x 6= t. If x /∈ {c, s}, then
{{1, 9, c}, {4, 7, x}, {3, 5, t}, {2, 6, s}, A,B, C} is an M-augmenting set in F , a
contradiction. If x = c, then c = x /∈ {a, b, s, t, u, v, y} as noted before Fact 27.
We also know that b /∈ {s, t}. But then we have the following M-augmenting
set {{1, 8, b}, {4, 7, x}, {3, 5, t}, {2, 6, s}, A, B, C} in F , a contradiction. Hence
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x = s.
Fact 28 y = s.
Proof. We have t 6= s, c /∈ {t, s} and y 6= t. If y /∈ {c, s}, then
{{1, 9, c}, {4, 8, y}, {3, 5, t}, {2, 6, s}, A, B, C} is an M-augmenting set in F , a
contradiction. If y = c, then c = y /∈ {a, b, x, s, t, u, v} as noted prior to the
previous fact. But this gives the following M-augmenting set
{{1, 7, a}, {4, 8, y}, {3, 5, t}, {2, 6, s}, A,B, C} in F . Thus, contradicts that M
is a maximum matching.
By Fact 27 and Fact 28, x = y = s. But this contradicts the linearity of F as
|{4, 7, s} ∩ {4, 8, s}| = 2. Hence, Claim 26 is proved.
The statement of Proposition 20 is an easy consequence of Claim 21 and Claim
26. 
We shall not be using the following remark. Though, the statement of the
remark can improve the bound in the main result as done in author’s doctoral
dissertation [10]. However, the statement below was proved using the aid of a
computer program and we decided not to use it for the current article since
the improvement in the bound is not significant. Using the remark below, it
can be shown that |D2(A,B,C)| ≤ 20 in Proposition 30.
Remark 29 Let F be a 3-uniform, linear family and M be a maximum
matching of F . If {A,B,C} ⊆ M, then |D2(A,B)| = |D2(A,C)| = D2(B,C)| =
7 doesn’t hold.
Proposition 30 Let F be a 3-uniform, linear family and let M be a maxi-
mum matching of F . If {A,B,C} ⊆ M, then |D2(A,B,C)| ≤ 21.
Proof.Assume on the contrary |D2(A,B)|+ |D2(B,C)|+ |D2(A,C)| = |D2(A,B,C)| ≥ 22.
Therefore, by Proposition 17 at least one of |D2(A,B)|, |D2(B,C)| or |D2(A,C)|
is equal to 8. Without loss of generality, let D2(A,B) = 8. Thus, |D2(B,C)|+
|D2(A,C)| ≥ 13. This contradicts Proposition 20. 
6 3-uniform, linear families F with SF = ∅
In this section, we find a bound on the size of 3-uniform, linear families F with
SF = ∅ (defined by 9) in terms of their maximum matching and maximum
degree. The chief idea of the proof that establishes the bound follows. For a
3-uniform, linear family with ∆ approximately greater than 4ν, if |F| > ∆ν
then for any given maximum matchingM, a local augmenting set involving at
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most three matching edges is found and extended to a global M-augmenting
set. Thus, contradicting the fact that M is a maximum matching and so
establishing the result.
Let us recall few notations. Let F be a 3-uniform, linear family, and let
M be a maximum matching of F . For A ∈ M, define D1(A) := {B ∈
D1(F ,M) | B ∩A 6= ∅} and d1(A) := |D1(A)|. For any G ⊆ F and A ∈ F ,
also define GA := {B ∈ G | B ∩ A 6= ∅}.
The following partition of a maximum matching is crucial to obtain the bound
on the size of a 3-uniform, linear family.
Definition 31 Let F be a 3-uniform, linear family with SF = ∅, ν := ν(F),
∆ := ∆(F) and let M be a maximum matching of F . We partition M the
following way.
M1 := {A ∈ M | d1(A) ≥ 7} and M2 := M\M1. Also let m := | M1|
and M1 = {A1, . . . , Am}. We already know by Lemma 6 that if for some
A ∈M, d1(A) ≥ 7 then all edges in D1(A) are incident to the same vertex of
A. For each i ∈ {1, . . . , m}, let this unique vertex be denoted by xi ∈ Ai and
let Ai = {xi, yi, zi}.
Since SF = ∅, Proposition 14 implies that ∆ ≤ 3ν. Let M, M1, M2, Ai’s,
xi’s, yi’s and zi’s be as defined in the previous definition. Let us partition
the family F and obtain bounds on the size of each class. Since an arbitrary
maximum matching M is fixed in the following discussion, for all i ∈ {1, 2, 3}
Di(F) is used instead of Di(F ,M).
Definition 32 Let the family F and M be as stated in Definition 31. We
define
E1 := ∪
i∈{1,...,m}
Fxi;
E2 := {A ∈ F | (M2)A = ∅} \ E1, where
(M2)A = {B ∈ M2 | A ∩ B 6= ∅}, i.e., E2 consists of those D2(F)
and D3(F) edges which do not intersect matching edges from M2 and do
not contain vertices from {x1, . . . , xm}. Note that if B ∈ D1(F) then B ∩
({y1, . . . , ym} ∪ {z1, . . . , zm}) = ∅ by Definition 31;
E3 := {A ∈ F | |A ∩XM2 | = 1} \ E1;
E4 := ({A ∈ F | |A ∩XM2 | ≥ 2} \ E1) \M2.
Remark 33 By Definition 32, it is obvious that F = ∪i∈{1,...,4}Ei ∪M2 and
the sets are pairwise disjoint.
Next we find an upper bound for each member in the above partition with
m = |M1|.
Proposition 34 If E1 is defined by Definition 32, then |E1| ≤ m∆.
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Proof. This is obvious as E1 = ∪i∈{1,...,m}Fxi and |Fxi| ≤ ∆ for all i ∈
{1, . . . , m}. 
Proposition 35 If E2 is defined by Definition 32, then |E2| = 0.
Proof. Suppose E2 6= ∅, then there exists an edge B ∈ E2. By the note after the
definition of E2 (Definition 32), B ∈ D2(F)∪D3(F) and all vertices in B∩XM
belong to {y1, . . . , yk} ∪ {z1, . . . , zk}. We show that if B ∈ D2(F) or B ∈
D3(F), then anM-augmenting set exists in F . Suppose B ∈ D2(F). Without
loss of generality, let {y1, y2} ⊆ B and B = {y1, y2, w} where w /∈ XM. Since at
least sevenD1(F) edges are incident to x1, at least other sevenD1(F) edges are
incident to x2, and there can be at most one edge containing both w and xi for
each i ∈ {1, 2}, there is an M-augmenting set which consists of an edge from
D1(F) ∩ Fx1, an edge from D1(F) ∩ Fx2, B, {x1, y1, z1} and {x2, y2, z2}. This
contradicts thatM is a maximum matching. Also for B ∈ D3(F)∩E2, we can
similarly construct anM-augmenting set in F . In this case the augmenting set
consists of three D1(F) edges, the edge B and the three M1 edges that have
nonempty intersection with B. Hence in either case there is anM-augmenting
set. Thus, E2 = ∅. 
Proposition 36 If E3 is defined by Definition 32, then
|E3| ≤ min{2m+ 6,∆− 1}(ν −m).
Proof. Recall that E3 = {A ∈ M | |A ∩XM2 | = 1} \ E1. Hence E3 consists
of D1(F) edges that intersect M2 edges and D2(F)∪D3(F) edges that cover
exactly one vertex in XM2 and no vertex in {x1, · · · , xm}.
Claim : If seven or more edges from E3 intersect an edge A ∈M2 then all E3
edges that intersect A must be incident to the same vertex x in A.
Proof of the claim : Suppose not; then there exist B1 and B2 in E3 that
intersect A and are disjoint. As at least seven edges from E3 intersect A and
|A| = 3, by pigeonhole principal there is a vertex a ∈ A such that among E3
edges that intersect A at least three contain a. If there exists B1 ∈ E3 such
that B1 intersects A and a /∈ B1 then we can choose B2 among the edges in
E3 containing a.
If B1 and B2 are both D1(F) edges then {B1, B2, A} is an M-augmenting
set. Now we consider all remaining possibilities for B1 and B2. Considering
symmetries, we have the following possibilities.
(i) B1 is a D2(F) edge and B2 is a D1(F) edge;
(ii) B1 is a D2(F) edge and B2 is a D2(F) edge;
(iii) B1 is a D3(F) edge and B2 is a D1(F) edge;
(iv) B1 is a D3(F) edge and B2 is a D2(F) edge;
(v) B1 is a D3(F) edge and B2 is a D3(F) edge.
In each of the above cases, an M-augmenting set can be constructed using
D1(F) edges incident atM1 edges along with theM1 edges intersected by B1
and B2, B1, B2 and A. For example consider the case (v), since B1 and B2 are
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in D3(F) each of them covers two edges fromM1. Assume the worst case that
B1, B2 intersect four different edges in M1 and let the edges be A1, A2, A3
and A4. Recall that seven or more D1(F) edges are incident to xi ∈ Ai for all
i ∈ {1, . . . , m}. Note that any D1(F) edge incident at xi can at most intersect
two D1(F) edges incident at xj for i 6= j. Hence there are four
2 pairwise
disjoint D1(F) edges in ∪
4
i=1(D1(F) ∩ Fxi). These disjoint edges along with
A1, A2, A3, A4, B1, B2 and A form an M-augmenting set, a contradiction.
Hence, if seven or more E3 edges intersect with anyM2 edge then all these edges
must contain the same vertex of the M2 edge. Now consider (E3)A, the set of
E3 edges incident at an M2 edge A. If |(E3)A ∩D1(F)| ≥ 7, then all (D1(F))A
edges are incident to the same vertex in A and A ∈ M1. A contradiction to
the fact that A ∈M2. Therefore, there are at most six D1(F) edges in (E3)A.
By Definition 32, an edge in E3 is either a D1(F) edge or a D2(F) ∪ D3(F)
edge that contains at least one vertex in {y1, · · · , ym} ∪ {z1, · · · , zm} and no
vertex in {x1, · · · , xm}. Hence |(E3)A| ≤ min{2m+ 6,∆− 1} for all A ∈ M2.
Therefore, |E3| ≤ min{2m+ 6,∆− 1}(ν −m). 
Let us generalize Definition 16 to find a bound on D2(F ,M) ∪D3(F ,M).
Definition 37 Let F be a 3-uniform, linear family and let M be a matching
(not necessarily maximum) of F . For i ∈ {0, 1, 2, 3}, define
Di(F ,M) := {A ∈ F | |A∩XF | = i}. Also for all {A,B,C} ⊆ M, define
D2(A,B,C) := {E ∈ D2(F ,M) | |E ∩ (A ∪B ∪ C)| = 2} and
D3(A,B,C) := {E ∈ (D3(F ,M) \ {A,B,C}) | |E ∩ (A ∪B ∪ C)| ≥ 2}.
Proposition 38 Let F be a 3-uniform, linear family and let M be a match-
ing (not necessarily maximum) of F such that n = |M|. If |D2(A,B,C)| ≤ 21
for all {A,B,C} ⊆ M, then |D2(F ,M)|+ |D3(F ,M) \M| ≤
23
(n−2)
(
n
3
)
.
Proof. For {A,B,C} ⊆ M, let
H(A,B,C) := {{i, j} | {i, j} is contained in an edge from D2(A,B,C) ∪ (D3(A,B,C) \M)}.
Since F is a linear family, we get |{E ∈ F | |E ∩ (A ∪ B)| = 2}| ≤ 9 for
any {A,B} ⊆ M. Thus, we obtain
|H(A,B,C)| ≤ 27. (8)
In the expression ∑
{A,B,C}⊆M
|H(A,B,C)| (9)
each edge in D2(F ,M) is counted (n − 2) times because C can be any of
the (n − 2) other M edges for a fixed pair {A,B} ⊂ M. Also each edge in
2 We need at least seven D1(F) edges to be incident at each of the xi’s to ensure
existence of four pairwise disjoint D1(F) edges.
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D3(F ,M) \M is counted 3(n− 2) times in the expression (9). Hence
(n− 2)|D2(F ,M)|+ 3(n− 2)|D3(F) \M| =
∑
{A,B,C}⊆M
|H(A,B,C)|. (10)
So by equations (8) and (10), we have
(n− 2)|D2(F ,M)|+ 3(n− 2)|D3(F) \M| ≤ 27
(
n
3
)
.
Therefore,
|D3(F) \M| ≤
27
3(n− 2)
(
n
3
)
−
1
3
|D2(F ,M)|. (11)
So, we have
|D2(F ,M)|+ |D3(F) \M| ≤
2
3
|D2(F ,M)|+
27
3(n− 2)
(
n
3
)
. (12)
By equation (10), we have
(n− 2)|D2(F ,M)| =
∑
{A,B,C}⊆M
|H(A,B,C) ∩D2(F ,M)|. (13)
As
H(A,B,C) ∩D2(F) = D2(A,B,C),
we have
|D2(F ,M)| =
1
(n− 2)
∑
{A,B,C}⊆M
|D2(A,B,C)|. (14)
By the assumption that |D2(A,B,C)| ≤ 21 for all {A,B,C} ⊆ M and by
equations (12) and (14), we get
|D2(F ,M)|+ |D3(F) \M|≤
2
3
|D2(F ,M)|+
27
3(n− 2)
(
n
3
)
=
2
3

 1
(n− 2)
∑
{A,B,C}⊆M
|D2(A,B,C)|

+ 27
3(n− 2)
(
n
3
)
≤
2
3

 1
(n− 2)
∑
{A,B,C}⊆M
21

+ 27
3(n− 2)
(
n
3
)
=
(
2
3
)
21
(n− 2)
(
n
3
)
+
27
3(n− 2)
(
n
3
)
=
23
(n− 2)
(
n
3
)
.

Let M1, m and M2 be defined by Definition 31. Also, define n := |M2|.
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Proposition 39 Let F be a 3-uniform, linear family and let M be a maxi-
mum matching of F . If E4 is defined by Definition 32 then
|E4| ≤


23n(n− 1)
6
, if n ≥ 3
8, if n = 2
0, if n = 1 or n = 0.
(15)
Proof. Let n ≥ 3 and suppose that |E4| >
23
6(n−2)
(
n
3
)
= 23
6
n(n − 1). So, by
Proposition 38, there are edges A, B and C in M2 such that |D2(A,B,C)| >
21. But then there is an M2-augmenting set W in F by Proposition 30 such
thatW∩M2 = {A,B,C} andW\M2 ⊂ D2(A,B,C). If edges inW\M2 do
not intersect with any edge inM1 thenW is anM-augmenting set too. Thus,
we have a contradiction to the fact thatM is a maximum matching. So, there
are edges in W that intersect with XM1 . By Definition 4, |W \M2| ≥ 4. Let
B1, B2, B3 and B4 be edges in W \M2. Note that if XM1 ∩ Bi 6= ∅ for some
i ∈ {1, 2, 3, 4}, then Bi ∈ D3(F ,M) ∩ E4. Let j := |{i | Bi ∩ XM1 6= ∅}|.
By definition 0 ≤ j ≤ 4, so we need to consider cases for j ∈ {0, 1, 2, 3, 4}.
In case j = 0, the result is already established. One can easily construct an
M-augmenting set (similar to Proposition 36) by considering D1(F) edges
incident to (M1)W edges in all cases for j ∈ {1, 2, 3, 4}. Note that at most
four edges in M1 can have non-empty intersection with ∪
4
i=1Bi. We leave
details of construction of augmenting set for each case j ∈ {1, 2, 3, 4} to the
readers.
If n = 2 then by Proposition 17 and definition of E4, we have |E4| ≤ 8. Also
by Definition 32, E4 is empty if n < 2. 
We recall Definition 31 regarding partition ofM. In the proof of the following
proposition, m := |M1|, ν := ν(F) and ∆ := ∆(F).
Proposition 40 Let F be a 3-uniform, linear family such that SF = ∅, i.e.,
there is no vertex in F that is covered by all maximum matchings. If ν(F) = ν
then
|F| ≤
23
6
ν2 + 7ν. (16)
Proof. Let ∆ := ∆(F). By Proposition 14, SF = ∅ implies that ∆ ≤ 3ν.
By Definition 32 of Ei’s, |F| ≤
∑4
i=1 |Ei| + |M2|. Proposition 34 implies that
|E1| ≤ m∆, Proposition 35 implies that E2 = ∅, Proposition 36 implies that
|E3| ≤ (ν−m)min{(2m+6),∆−1} ≤ (ν−m)(2k+6) and by Proposition 39,
|E4| ≤
23
6
(ν −m)(ν −m− 1) ≤ 23
6
(ν −m)2 for ν −m ≥ 3. Note that |E4| ≤ 8
for ν −m ≤ 2. Also, |M2| = ν −m. If ν −m ≥ 3, then
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|F|≤
4∑
i=1
|Ei|+ |M2|
≤m∆+ (ν −m)(2m+ 6) +
23
6
(ν −m)2 + (ν −m)
≤ 3νm+ (ν −m)(2m+ 7) +
23
6
(ν −m)2 [as ∆ ≤ 3ν]
=m2
(
−2 +
23
6
)
+m
(
3ν + 2ν − 7−
23
3
ν
)
+
23
6
ν2 + 7ν
=m2
(
11
6
)
−m
(
8
3
ν + 7
)
+
23
6
ν2 + 7ν.
The final expression above is a concave upward parabola in m and hence the
maximum value would occur at the extreme points, m = 0 or m = ν − 3 ≤ ν.
It is easily checked that maximum occurs at m = 0. Hence,
|F| ≤
23
6
ν2 + 7ν. (17)
If ν −m ≤ 2 then by Proposition 39, |E4| ≤ 8. Hence
|F|≤
4∑
i=1
|Ei|+ |M2|
≤m∆+ (ν −m)(∆− 1) + 8 + (ν −m) [as |E3| ≤ (∆− 1)(ν −m)]
=∆ν + 8
≤ 3ν2 + 8 [ as ∆ ≤ 3ν]
≤
23
6
ν2 + 7ν [ for ν ≥ 2].
For ν(F) = 1 and ∆(F) ≤ 3ν(F) = 3, use equation (1) to obtain |F| ≤
3∆− 2 ≤ 7 ≤ 23
6
ν2 + 7ν. 
7 Proof of the main result-Theorem 3
Proof of Theorem 3: Let x ∈ XF be such that |Fx| = ∆. By Proposition 14,
x ∈ SF as ∆ ≥
23
6
ν(1 + 1
ν−1
) > 3ν. Recall Definition 12. As SF 6= ∅, therefore
there is a nested sequence {y1, . . . , yk1} ⊆ XF . By Proposition 15,
|F| ≤ k1∆+ |Fk1|. (18)
Note that Proposition 15 also implies that ∆(Fk1) ≤ 3ν(Fk1). By the defi-
nition of yi’s and repeated use of Remark 11, we get ν(Fk1) = ν − k1. Since
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SFk1 = ∅, by Proposition 40 and equation (18) we have
|F|≤ k1∆+ |Fk1|
≤ k1∆+
23
6
(ν − k1)
2 + 7(ν − k1)
= k1
2(
23
6
) + k1(∆−
23
3
ν − 7) +
23
6
ν2 + 7ν.
Let f(k1) := k1
2(23
6
) + k1(∆ −
23
3
ν − 7) + 23
6
ν2 + 7ν for 1 ≤ k1 ≤ ν. Note
that k1 ≥ 1 because SF 6= ∅. Clearly f(k1) is a concave upward parabola as
d2f(k1)
dk1
2 > 0. Hence the maximum of f(k1) occurs at the extreme points k1 = 1
or k1 = ν. As f(1) =
23
6
+∆− 23
3
ν−7+ 23
6
ν2+7ν = 23
6
ν2+∆− 2ν
3
− 19
6
≤ 23
6
ν2+∆
and f(ν) = ∆ν. Thus, |F| ≤ max{23
6
ν2+∆,∆ν}. Since ∆ν ≥ 23
6
ν2+∆ if and
only if ∆ ≥ 23
6
ν2
(ν−1)
. Therefore for ∆ ≥ 23
6
ν2
(ν−1)
,
|F| ≤ ∆ν.

Recall by Remark 1, for any positive integers ∆ and ν there exists a 3-uniform,
linear family F with ∆(F) = ∆, ν(F) = ν such that |F| = ∆ν. Thus, an
extremal family achieves the bound on the size in Theorem 3.
8 Acknowledgements
The author would like to thank Dr. Nishali Mehta and Dr. Naushad Puliyam-
balath for their valuable comments. This article is part of author’s doctoral
research that was guided by Prof. Akos Seress. The author is indebted to his
advisor for suggesting the problem, sharing critical insights and steering the
course of the research.
References
[1] L.Babai, and P.Frankl, Linear Algebra Methods in Combinatorics, Preliminary
version, 1992, Department of Computer Science, University of Chicago.
[2] N. Balachndran, and N. Khare, Graphs with restricted valency and matching
number, Discrete Mathematics, 309(2009), 4176-4180.
[3] V.Chva´tal and D.Hanson, Degrees and Matchings, J. Combinatorial Theory (B)
20 (1976), 128-138.
20
[4] C. J. Colbourn, and A. Rosa, Triple Systems. Oxford: Clarendon Press, 1999.
[5] Douglas B. West, Introduction to Graph Theory, Prentice Hall, 1996.
[6] P.Erdo¨s and R.Rado, Intersection theorems for systems of sets, J. London
Math.Soc., 35(1960), 85-90.
[7] Z. Furedi, Matchings and covers in hypergraphs, Graphs and Combinatorics 4
(1988), 115-206.
[8] L. Lovasz, M. D. Plummer, Matching Theory, North Holland, 1986.
[9] A.V.Kostoschka, A Bound on the Cardinality of Families not containing ∆-
Systems, The Mathematics of Paul Erdo¨s, II, Algorithms Combin., vol. 14,
Springer Verlag, Berlin, 1997, pp 229-235.
[10] N. Khare, Hypergraphs with restricted valency and matching number, Ohio link
EDT, 2010.
{ http://etd.ohiolink.edu/view.cgi?acc_num=osu1275880336 }
21
